1. Introduction. Theorem 4.7 below is an abstract formulation of a certain closed subset theorem 1 recently established by Randolph and myself. It has a wider range of application than similar abstractions due to Hahn 2 and to Saks. 2. Notation and terminology. When H is a family of sets we agree that *<P) = £ ft f(fl) = II I».
A family R is said to be: finitely additive if <r(II)ÇzR whenever H is a finite nonvacuous subfamily of R; countably additive if a(H)^R whenever H is a countable nonvacuous subfamily of R ; finitely multiplicative if ir(H)CiR whenever H is a finite nonvacuous subfamily of R; countably multiplicative if TT(F)^R
whenever F is a countable nonvacuous subfamily of R; ot complemental if R is such a family of subsets of a that a -/3£-R whenever j3£i?.
If i? is a family of sets we also agree that: R" is the family of all sets of the form a(H) where H is a countable nonvacuous subfamily of R; i?« is the family of all sets of the form ir(H) where H is a countable nonvacuous subfamily of R; R y is the family of all sets of the form <r(R)-/? where jSGi?; i?
Y is the smallest <r(R) complemental, countably additive family which contains R ; R* is the smallest countably multiplicative, countably additive family which contains R. Accordingly if iV is a sufficiently large integer we are sure that
On the other hand Part III. BEK. PROOF. Parts I and II assure us that K is a countably multiplicative, countably additive family which contains R. Consequently R*C.K and the conclusion that BEK follows from our hypothesis thatBGi?
5 .
THEOREM 4.6. If Rs is a finitely additive family of</> measurable sets, </> measures o-(R), B(£R*, <1>(B) < oo, e>0, then B contains such a member C of Rs that <f>(B -C) < e.
PROOF. Let * be such a function on the subsets of <r(R) that $(<*) = <t>{Ba) whenever a C cr(R).
Check that $ measures cr(R) and that 4.5 may be applied to yield the desired conclusion. THEOREM 
If Ris an internal family of<f> measurable sets, <j> measures a(R), BER y , <f>(B) < oo, €>0, then B contains such a member C ofRsthat<j>(B-C)<€.
PROOF. Use 4.6, 2.1, and 3.2. DEFINITION 4.8. We say # is a Borelian measure with respect to R if and only if : R is an internal family of <j> measurable sets; <j> measures <T(R) ; corresponding to each subset A of cr(i?) there is a set j3 for which VER\ ACfr *{A) = <K/3).
THEOREM 4.9. If <f> is a Borelian measure with respect to 2?, A is a<f> measurable set t <j>(A) < oo, e>0, then A contains such a member C of i?« that<t>(A-C)<<-.
PROOF. Let B', B'\ B"' be such sets that
Application of 4.7 to the set B nr completes the proof. REMARK 4.12. Theorems 4.9 and 4.11 are generalizations of a result due to Hahn.
8 For corollaries and special cases of Theorems 4.7, 4.9, 4.10, and 4.11, see Saks, op. cit., Theorem 6.5 on page 68, Theorem 6.6 on page 69, the correct portions of Theorem 9.7+ on page 85, the proof of Lemma 5.1 on page 114, Lemma 15.1 on page 152.
Let us now examine, in the light of an example, the just cited Theorem 9.7+ and my own Theorem 4.7. Let 5 be the ordinary real numbers metrized in the customary manner. Let F be the family of all closed subsets of 5, G the family of all open subsets of 5. Let R = F a Gs. It is easily seen, with the aid of 3.1, that R is a finitely additive, S complemental, internal family. Furthermore <r(R)-S and R y is precisely the family of all Borel subsets of 5. Let B be the rational numbers and let 0 so measure S that <t>(0) = the number of numbers in 0B whenever j3CS. Note that <t>{B) =<I>(S) = oo but that S is a countable sum of Borel sets of finite <j> measure. However, within the Borel set B, it is impossible to find a G& set C for which <j>(B -C)<l; if this could be done then C would equal B and B itself would be a Gs in contradiction to the well known fact that a dense Ga is a residual set with the power of the continuum. Since RsQGs it is also impossible to find, within the Borel set J5, an i?« set C for which (j>(B -C) <1.
